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Abstract. We present a complete proof for the invariant optimal assignment for consektuive-
of-(2k+1): G cycle, which was proposed by Zuo and Kao in 1990 with an incomplete proof, pointed
out recently by Jalali, Hawkes, Cui and Hwang.
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1. Introduction

A cyclic consecutivee-out-ofn: G systemconc(k,n : G) is a cycle ofn(> k)
components such that the system works if and only if sbro@nsecutive compon-

ents all work. Suppose components with reliabilitieg[;; < pp < -+ < py

are all exchangeable. How can they be assigned ta: thesitions on the cycle

to maximize the reliability of the system? Kuo, Zhang and Zuo [2] showed that if
k = 2, then the optimal assignmeninsariant, i.e., it depends only on the ordering

of reliabilities of the components, but not their value. Invariant optimal assignment
is very important in practice. In fact, in the real world, one usually knows the
ranking of reliabilities of components, but not their exact values. For example, the
ages of the components are known and one cannot compute the exact value of
reliability from the age of each component. However, one may rank reliabilities of
components according to their age by the rule that the older the less reliable. Kuo,
Zhang and Zuo [2] also showed that foe> 3andn >2k+ 1, Conc(k,n : G) has

no invariant optimal assignment. Fer< 2k 4+ 1, Zuo and Kuo [3] claimed that
there exists an invariant optimal assignment

(P> Pi3ys Pists - - - » Piels Prals Pi2)s )-

However, Jalali, Hawkes, Cui and Hwang [1] found that their proof is incomplete.
In this paper, we give a complete proof for this invariant optimal assignment in
casen = 2k + 1.
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A similar situation occurred in a line system. A linear consecutig@of-:
GsystemCony(k,n : G) can be defined in a similar way to the cyclic system
Conc(k,n : G). Kuo, Zhang and Zuo [2] presented an invariant optimal assign-
ment forCony (k, n : G) with n < 2k. However, the proof is incomplete too. This
was also pointed out by Jalali et al. [1]. In addition, they gave a complete proof for
the line system. It is worth pointing out that by settipg; = - - - = pjx+1-n) = 0,
the cycle systenConc(k, 2k + 1 : G) becomes the line syste@on; (k,n : G).

Thus, our result yields the result of Jalali et al. [1]. The cycle case is in gen-
eral much more difficult than the line case, and our proof adopts a new approach
different from previous attempts.

2. Main Result
In this section, we show the following.

THEOREM 1. Conc(k, 2k + 1 : G) has invariant optimal assignment

(Pr1s Pi31s Pisls - -« » Pl2k+11> P2kl - - - » Pi6]s Pl4l> Pl2))-
Let p1, p2, - .. , pas1 be reliabilities of the 2 + 1 components on the cycle in
counter-clockwise direction. For simplicity of the proof, we first assume that

O<pu<pa < <pay <1l

Our proof is based on the following representation of the reliability of consecu-
tive-k-out-of-n: G cycle forn < 2k + 1.

LEMMA 1. The reliability of consecutivé-out-of+: Geycle forn < 2k+1 under
assignment can be represented as

R(C)=p1...pn+ ZQiPi+l---Pi+k
i=1

n n
=Pl---Pn+ZPi---Pi+k—1—ZPi---Pi+k
i=1 i=1

whereg; = 1— p; andp,; = p;.

Proof. The system works if and only if all components work or for samine
ith component fails and th@ + 1)st component, ..., th@ + k)th component all
work. Sincen < 2k + 1, there exists at most one suclTherefore,

n

ROC)=p1...pa+ ) qiPis1--- Pk
i=1

Note that

qgiPi+1---Pi+k = Pi+1---Pi+k — DPi -+ - Pi+k-
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This implies the second representation. O

To prove Theorem 1, it suffices to show that in any optimal assignment,
(pi — pPj))(pic1—pjy1) >0forl<i<j<2k+1 1)
That is, selecting any component to be labetedwe always have
(pi — Pak+2-i)(Pi+1 — pary1-~) > Ofori =1,... k. (2)

For simplicity of representation, we denate= 2k + 2 — i. Note that(k + 1)) =
k + 1 and (/) = i. Furthermore, without loss of generality, we assuppe- py
throughout this proof. Then the condition (2) can be rewritten as

p,»>pl-/f0ri=1,...,k. (3)

We will employ an inductive argument to prove thésaequalities in the following
ordering:

P1=> pr

Pk = Pr

p2 = pz
Pik-1 > Pk-1y

Let C; be the assignment obtained frothby exchanging componenisand i’
andC;; .= (Cij,...,y).. LetC* be an optimal assignment. We divide this
inductive argument into the following lemmas.

LEMMA 2. Under assumption thap; > py, we must havep, > pp and

P2 Pk-1 2 P2 ... Dk—1y-
Proof. Consider

0 < R(CY) = R(CY) = (p1— pv)(p2--- Pk — P2 - - Pk )qk+1-
Sincep; > py, we have

p2...Dk = D2 .. Pi- (4)
Note that

0 < R(C*) — R(C))

= (pr—p)l(qr p1+q91pi+1) P2 - . - Pk—1— (Prq1+qv Pi+1) P2 - - - Pr—1y]
%)

and

(qvp1+ q1pi+1) — (Prg1 + quprs1) = (p1— pr)(L— pry1) > 0.
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We first claim thatp, > py. Infact, if p2... pr_1 > p2 ... pa-1y, then it follows
from (5) thatp, > p; If p2... pr—1 < p2 ... pu—1y, then it follows from (4) that
Pk = Pk
Now, we show thaps ... px_1 = p2 ... p—1y. Note that
0 <R(C*) = R(CT )
=[(p1px — PrPK) + (P — Pk/) Pk+1 — PY P1(Pk — Pr)I(P2- - Pk—1 — P2 - P(k—1))qk+1
=[(p1rrqy — Py PrqD)qk+1 + (X — p1p1)(Pk — P2 - Pk—1— P2 - - - P(k—1))-

Moreover,plql/ — prq1 = p1— pr > 0 andpk > pi'. Therefore,pz. . Pk—1 =
P2 ... Pk-1y- O

To show inductive step, we first prove an equality.
LEMMA 3. Supposen < k/2. Then

am+1 (k-1 k
Z l—[ P—m+i+j — l—[ P—m+i+j
i—1 \j=0 j=0
m-1 i ki k
=>i=1{]]rprs | Pirrgasry | T] pi||2=| [1 pirs|pess
j=1 j=i+2 j=k—i+1
m i k—i k
+ > N 1=T1rirs || T1 pi | Preivrgu—ico | [T piri | Pess
i=1 j=1 j=it1 j=k—i+2
m k—m k
+aqpr-paa+ | [Leivs )| TT pi 12| ] piry |
j=1 j=m+1 j=k—m+1

Proof. Note that

Prp1--- Pi+1
= prp1-..Pk+1qr’ + PrP1- - Pk+1Pk
= pvp1-..Pk+1qr + q2P1P1-- . Pky1Pr + P2 PV P1- - - Dk+1Dk

k

m—1 i k—i
:Z Hl?jl?j’ 1_[ Pi | (Pr—it19k—i+1y) 1_[ piPj | Pr+1
i—1

j=1 j=i+l j=k—i+2
m i k-1 k
+Z HPij’ (Pi+19i+1y) 1_[ pj 1_[ Pjpj | Pr+1
i=1 \j=1 j=i+2 j=k—1+1

k—m k

m
+ HPij’ 1_[ Pj 1_[ PiPj | Pi+1
j=1

j=m+1 j=k—m-+1
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and

P1---Pk — pPrP1---Pk— P1---Pi+1
=qrp1---Prqdk+1 — PrpP1-. . Pk+1-

Thus,

2m+1
(Hp —m+i+j — l_[p —m+i+j

m 2m+1 k-1
= Zq m4i—1 1_[ P—m+i+j T Z d—m+i+k 1_[ P—m+i+j
i=2 j=0 i=m+2 j=0

+ P—m+1---P—m+k T P1---Pk = PO---Pk — P1---DPk+1

m—1 i k—i
=> pipj | pivraa+) | [ »i
iz1 =1 jmit2
m k—i k
+ Z Pj | Pr—i+19(k—i+1y) l_[ pipj | Pk+1
i=1 \j=it1 jmik—it2
m k—m
+ [ [] piry [ pj|+p1--pk—prrr-- pk—p1-. Prs1
j=1 j=m+1
m— 1
= [1riry | Pivraason | T1 pi| 2= TI rirj|pess
i=1 \j=1 j=it2 j=k—i+1
m i k—i k
+ 1-[]rjry [T ri| Greivagu—iva | T1 Pip) | Pera
im1 j=1 j=itl j=k—it2
k
+aqupr.peaksr+ | [ pivy IT rill2=-{ T riry|pcsa
j=1 Jj=m+1 Jj=k—m+1
O
LEMMA 4. Supposen < k/2. If
pi>prfori=1,... mk—m+1, ...,k (6)
and
k—m k—m
l_[ pj = l_[ Py (7)
then

Pm+1 = Pm+1y
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and

k—m k—m
l_[ pj = l_[ pj-

j=m+2 j=m+2

DING-ZHU DU ET AL.

Proof. We first showp,,+1 > pu+1y. FOr contradiction, supposg,+1 <

Pun+1y- It follows from (7) that

k—m k—m
l_[ Pj = 1_[ pj-

j=m+2 Jj=m+2
By Lemma 3,

0 <R(C*) = R(Cp, 1)

k

j=0

m
[T »

j=i+2

(8)

k—i

[T »i

j=m+2

2m+1 (k-1 k k=1
= Z 1_[ P—m+i+j — l_[ P—m+i+j T 1_[ P(=m+i+j) — 1_[ P(=m+i+j)
i=1 j:O j=0 j=0
P()n+l)’ —
- Z Z P—m+i+j — 1_[ P—m+i+j
-1 Pm+1 i=0
Pm+1 L
+
L l_[ P—m+i+j — 1_[ P(—m+i+j)
p(m+l)’ =0
m—1 i
=(Pm+1 — P(m+1)) Z 1_[ ripj | | (Pi+14i+1y
i=1 \j=1
m k—i
—pasaivn | |1 py [T ri 1-

Jj=i+2 j=m+2
i m k—i
+Z 1- HPzP/ l_[ Pj 1_[
i=1 j=i+1 j=m+2
m k—i .
- l_[ pj l_[ Pjt | (Pk—i+1yqk—i+1)
Jj=i+1 j=m+2
+@vp1-- - PmPm+2--- Pk — 41P1 - - - P’/ P(m+-2) - -
m k—m k—m
+(ITeies || TT pi= T1 pir)|2-
Jj=1 j=m+2 j=m+2
<0,

a contradiction. The last inequality holds because it follows from (6) and (8) that

every termin{- - - } is positive.
Now, we show

k—m k—m
l_[ pj = l_[ pj-

j=m+2 j=m+2

k
[T »riry

j=k—i+1

k
[T riry

j=k—i+2
- PIDqk+1
k

1

j=k—m+1

Pjpj

Pk+1

Pj) (Pk—i+19(k—i+1))

Pk+1

Pk+1
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By Lemma 3, we have

0<R(CH) = R(Clyp )
k—m k—m
=\ IT »i= IT »i
j=m+2 j=m+2
m=1 [ i m+1 k—i
A2 | [Triry ) | Pivrgasay | T1 » [T »
i=1 \j=1 j=i+2 j=k—m+1
m+1 k—i k
- (ra+raiv0) | [ Py [T »ry 1- [T piry | pesr
j=i+2 j=k—m+1 j=k—i+1
m i m+1 k—i
+Z 1—1_[pjpj/ l_[ pj l_[ Pj | (Pr—i+19k—i+1))
i=1 j=1 Jj=i+1 j=k—m+1
m+1 k—i k
— l_[ Py ]_[ Pjr | (P(k—i+1yqk—i+1) 1_[ PjpPj | Pk+1
j=i+1 j=k—m+1 J=k—i+2

+@rp1-- Pm+1Pk—m+1 " Pk — q1PY - - - P(m+1) Plk—m—+1) - - - Pk )qk+1
k

m
+ [ rirj | Pmsr—ponsry | 2= 1 piry | prsa
j=1 j=k—m+1

It follows from (6) andp,,+1 > pum+1y that every termif{- - - } is positive. There-
fore,

k—m k—m
IR R 0
j=m+2 j=m+2

LEMMAS. Supposen < k/2. Then

2m+2k—1 2m+2 k
Z Hp—m+i+j— Z Hp—m—1+i+j
i=1 j=0 i=1 j=0

m i k—i k
=Y | [1riry | wivrga+0 | T] pi||2- [T rirj|presa
i=1 \j=1 j=i+2 j=k—it+1
m i k—i k
+Y V=T rjei || TI pi| Preivrga—izo) | 1 pripj | Prss
i=1 j=1 j=itl j=k—it2
+4qvp1--- Pkdk+1

m k—m k
+1-[]rjr; [1 »r; [T riry | Prsa-
j=1 j=m+1 k—m+1

Proof. It is similar to the proof of Lemma 3. O
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LEMMA 6. Supposen < k/2. If

pi>prfori=1... m+Lk—-m+1 ...,k (9)
and
k—m k—m
[T r=11rr (10)
j=m+2 j=m+2
then
Pk—m = Pk—m) (11)
and
k—m—1 k—m—1
[T riz= ] rr (12)
Jj=m+2 Jj=m+2

Proof. We first show (11). For contradiction, suppgse.,, < p-my- By (10),

k—m—1 k—m—1
[T rs> [1 pi (13)
j=m+2 j=m+2
By Lemma 5,

0 <R(C*) = R(C}_,)
m i k—m—1 k—i
= (Pk—m — p(k—m)/ Z 1_[ pjpj (pl+1q(l+l)/ 1_[ pPj l_[ Pj
i=1 ]:l j=i+2 j=k—m+1

k— — k
—(PG+1ydi+1 p,f ]_[ [T rirj|presa
Jj=i+2 — j=k—i+1
—-m—1
1

m i k—
+ Z (1— 1_[ pjpj |:( Pj) ( l_[ ,) (Pk—i+19(k—i+1)")
: Jj=k—m+1

J

=it
k—m—1 k—i k
- IT »rs [T pi| Pa-ivrydr—ivv [T piry ] pPesr
j=i+l j=k—m+1 j=k—i+2

+(qup1--- Pk—m—1Pk—m+1--- Pk — 41PY - - - P(k—m—1)' P(k—m+1) - - - Pk')qk+1

m k—m—1 k—m—1 k
+\1=TTrips || TI pi= TI pir|{ T1 piri|pesa
j=1 j=m+1 Jj=m+1 k—m+1

<0,

a contradiction.
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Now, we prove (12). Consider

O<R(C*) = R(Cpp 12 jm-1

k—m—1 k—m—1
(w11
j=m+2 j=m+2
m i m+1 k-1
: Z Hl?jl?j’ (Pi+19Gi+1y l—[ pj l—[ pj
i=1 \j=1 j=i+2 j=k—m
m+1 k—i k
—(pasvaisn) | [ i [T i )12 T] pirs|pen
j=i+2 Jj=k—m j=m—i+1
m i m+1 k=1
+Y [1-T]rirs I1 »i [T ri | (Pe-ivrqu-isny)
i=1 j=1 j=itl j=k—m
m+1 k—i k
- 1_[ pj 1_[ pj | (Po—i+1ygk—i+1) 1_[ Pipj | P+t
j=i+1 Jj=k—m j=k—i+2

+@vp1--. PmsiPi-m -+ Pk — G1PY -+ - Pnt1) Plh—m) - - - Pk )Qk+1

m k
+ 11— l_[ pipj | (PmsiPr—m — p(m+l)’p(k—m)’)< 1_[ ijj’)pk-H .

j=1 k—m+1

It follows from (9) and (11) that every term {n. . } is positive. Thus, (12) holdsJ

By Lemmas 2, 4 and 6, we know that (3) holds. Therefore, Theorem 1 is proved
forO < ppy < -+ < pra+y < 1.
Finally, we deal with the case that some equality signs holddnf)1; < pj2 <
< < pratn < L py = pp = -+ = prata, then Theorem 1 is trivially true.
If there exists, 1 <i < 2k + 1, such thap;; < ppi+1), then for sufficiently small
e > 0, we have

O<puy+e<-<pu+ie<piy
—(2k+1—l)8 << P+ — €< 1.
For them, we already proved the optimality of assignm@&hin Theorem 1, that

is, for any assignment’, R(C*) > R(C). Now, we can complete our proof of
Theorem 1 by setting — 0.

3. Discussion

Zuo and Kuo [3] proved only thak(C*) > R(C}) for anyi. This cannot imply
that R(C*) > R(C) for any assignment. Thus, their proof is incomplete.
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Note thatConc(k, n : G) for n < 2j cannot be induced froMonc (k, 2k + 1 :
G). Moreover, our inductive argument does not work in cycle system, (k, n :
G) for n < 2k. Thus, some additional techniques are required to solve the general
case.
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